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ON SOME CURVES CONNECTED WITH A SYSTEM OF 
SIMILAR CONICS, 

Bt R. E. AXJLARDICE. 

1. Introductioil. The problem has been proposed by Sterner* of find- 
ing the envelope of a system of similar conies circumscribed about a given 
triangle, and of finding the loci of the centres and foci of the conies of the sys- 
tem. He states that the envelope is a curve of the fourth order having three 
double points, and gives some of its properties. The problem has been treated 
by P. H. Schoute in a paper entitled Application de la transformation par 
droites sym^riques a un probUme de Steiner.^ In this paper the author dis- 
cusses the problem of the envelope in detail by a geometrical method, to which 
reference will be made hereafter, and gives the order of the locus of centres, of 
the locus of foci, and of the locus of vertices, and the class of the envelope of 
asymptotes, of the envelope of axes, and of the envelope of directrices. He 
states, however, that the envelope of the asjTnptotes is a curve of the sixth 
class, but does not point out that it breaks up into two curves, each of the third 
class. I propose to determine analytically the equations of certain of these 
curves. 

2. Definition of Similar Conies by the Use of Asymptotes. It 
may be taken as a definition or proved as a theorem, according to the point of 
view, that two conies are similar when the angles between their as3Tnptotes are 
equal. When rectangular coordinates are used, two conies with their centres 
at the origin are similar and similarly situated if the terms of the second degree 
be the same, or proportional, in the two equations. Now these terms of the 
second degree represent the (real or imaginary) asymptotes, and the angle 
between these asymptotes is not altered if the conic be displaced in any way. 
It may easily be shown that the tangent of the angle between the asymptotes 
of an ellipse is equal to 2abi/(a^ + 6*), where a and b are the semi-axes, and 
for a real ellipse this quantity is a pure imaginary whose modulus is less than 

* Syatematlsche Entwickelnng der Abhangigkelt geometrischer G-estalten von einander 
(problem 89 of the supplement), &esammelte Werke, vol. 1, p. 446; Vermlschte Satze and Auf^ 
gaben, t6td., vol. 2, p. 676. 

t BtUletin des sciences matMmatiqv£s et astronomiques, ser. 2, vol. 7 (1883), pp. 314-324. 

(184) 
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unity. It is obvious that two conies for which this quantity is the same are 
similar, as the quantity may be expressed in terms of bja, which in turn can 
be expressed in terms of the eccentricity. 

3. Laguerre's Projective Definition of Angle applied to the 
Asymptotes. It has been shown by Laguerre and Cayley* that the angle 
between two straight lines can be expressed in tenns of the cross-ratio of the 
range of four points consisting of the points where the straight lines meet the 
straight line at infinity and the circular points at infinity. More definitely, f 
if a be this cross-ratio and 6 the angle between the lines, then = Jt'log a ; 
and from this it may easily be shown that tan* ^ = — (1 — a)*/(l + o)*. Now 
the infinitely distant points of the two asymptotes are the points where the 
conic itself meets the line at infinity. We thus have to consider a variable conic 
that circumscribes a given triangle and meets the straight line at infinity in two 
points that form with the circular points at infinity a range of constant cross- 
ratio. But instead of the line at infinity and the two circular points upon it we 
may take any straight line with two iixed points on it ; and these fixed points 
will be most conveniently assigned as the points of intersection with the given 
straight line of a fixed conic circumscribing the given triangle. The special 
case of the system of similar conies will then be obtained by taking the straight 
line at infinity and the circumscribed circle for the fixed straight line and 
fixed conic. 

4. The Quadric System of Similar Circumscribed Conies. 
By means of the theory of invariants we may write down the condition that a 
straight line meet two conies in pairs of points having a given cross-ratio a. X 

Let 

M, = Ml OSj + Mj a^j + Ms «8 = 

be the given straight line ; 

pi = pix^xs -y p^XsXi 4-^3X1X2 = 
be the fixed circumscribed conic ; and 

Xj = Xiarjas, + ^x^Xi + XgXiOjj = 

* Laguerre, Note Bur la th6orl6 des foyers, Nouvellea annales de mathimatiques, yol.*19 
(1863), p. 64. Cayley, A sixth memoir upon qnantics, Philoaophical Transactions, yol. 149 
(1869), pp. 61-90, and Collected Mathematical Papers, vol. 2, pp. 661-692. See also Loria, Teorie 
geometriche, where, however, the reference is given to Cayley's fifth. Instead of to his sixth 
memoir. 

t Compare Klein, Nieht-Euklidisehe Geometric, vol. 1, pp. 47-60. 

X See Clebscb-Llndemann, Vorlesungen iiber Geometric, vol. 1, p. 281. 
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be the variable circumscribed conic. The required condition is 

i?** (« - 1)» - Z>Z>" (« + 1 )« = 0, (1) 

where 

— i D = X'l^ + ^«« + Kvi— 2X1X4 ttiUj — 2X8XjU,ttj — 2X,Xi«jUi; 

— i B" = plul + plvl +plt4 — 2piPiUiUi - 2piPiUiUg— 2jp,jpi«8t<i; 

— iJ)'— \iPiV\ + \iPiU\ + \sPsl4 — (\Pi + ^i's) tfjUj — • • • . . 

Since according to (1) the parameters Xi, Xj, X3, which occur linearly in 
the equation of the conic, are connected by a quadric relation, the conies are 
said to form a quadric system. 

5. Locus of Centres of Conios in the Quadric System. Cor- 
responding to the problem of finding the locus of the centres of a system of 
sinular conies we have to find the locus of the pole of w, with respect to the 
conic X|,. 

If (yi, yj, yj) be the required pole, we have 

«i = Xjys + X,y„ etc., 
whence, omitting again a factor of proportionality, we have : 

Xi = yi (tt2yj + «3ys- Miyi) ; etc. (2) 

Substituting these values of X^, Xj, Xg in (1) we get a cm-ve of the fourth order 
as the locus of the pole of Mj,. 

If (Xi, Xj, X3) be regarded as a parametric point, the locus of this point is 
a system of conies (for varying values of «) of which the equation is given by 
CI). This system of conies has double contact with the conic Z) = (an in- 
scribed conic), the chord of contact being D' — 0. The relations (2) show 
that this system of conies is transformed into the system of quartic curves by 
means of a Cremona quadratic transformation. As such a transformation turns 
a non-specialized conic into a trinodal quartic, we shall expect to find a system 
of trinodal quartics, all having double contact with the quartic which replaces 
the conic i> = 0. 

If we substitute the values of Xi, X,, Xj in Z), Z>', D", we find, putting 
P\ - Wi (i>j«2 +i)s«8 — i>iWi). etc., 

D = - (Miyi + Mjya + u^y^ {u^y^ + u^y^ - u^yi) {u^y^ + «iyx - u^yi) 

(uiyi + tijyj-Mjys), 
jy = Pi ttiyf + PiV^yt + PiU^yl - (PiV^ + Pa Ml) yiyj - etc., 
D" = - (Pii^i + PjiJj + Psi),). 
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Hence the equation of the system of quarties is 

(« - ly iPiUiyl + . . . _ (P, M, + P.,u,) yiy.j ^ 

- (a + i)^(Pii?i + PiPi + J^3Pa)iuiyi + Miy-i + Msys) (UiPi + Mays - Ml yi) 

. . . . = 0. 

The fact that D = degenerates into four lines suggests a simplification of 
the equation. Choosing the three components which form a symmetrical set, 
we transform to a new triangle of reference by means of the equations 

"ays + «3 ys - Miyi = Mi«i. etc 
The result is : 

{a — ly Ml Mj Mg (pi Xj X3 +p^ X3 Xi + p3 Xi x^^y 

— (a + lyjcxix^x^ (UiXi + u^x^ + U3X3) — 0, 

where Tc = P^p^ + Pj^a + P^p^. 

This equation represents a trinodal quartic having its double points at 
the vertices of the new triangle of reference and having u^ for a double tan- 
gent. Byproper selection of the five constants involved in a, Wi, %, u^iP\iPiiP%i 
the equation may be made to represent any trinodal quartic refeiTed to the 
triangle having its vertices at the double points. In other words, any quartic 
with nodes at three distinct finite points and touching the line at infinity in 
the two circular points is a locus of centres of similar conies through three 
fixed points, for evidently such a locus can be constructed to have seventeen 
points in common with the given quartic. 

6. The Locus of Centres for Particular Values of the 
Asymptotic Angle. We return to the case of the system of similar conies 
by putting j)i = Mj = a, etc. ; and the equation becomes 

(Xjajgsin A + XgXisin B + XiX<jsin Cy 

+ cot*^ sin A sin B sin Cxi x^Xg (Xjsin ±\. + x^sin B + Xgsin C) = 0, 

where Q is the angle contained by the asymptotes, a, 6 and c the sides. A, B 
and C the angles of the new triangle. 

For Q = 7r/2, the case of the equilateral hyperbola, the quartic degenei-ates 
into the circumscribed circle, that is, the nine-point circle of the original 
triangle, taken twice over. (In the more general case, where the constants 
Pi, Ml, etc., are arbitrary, we get the nine-point conic ; and this is otherwise 
obvious, as in this case a = — 1, and the conies therefore intersect the straight 
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line u,. in pairs of points in involution ; and hence pass through a fourth fixed 
point.) 

For ^ = 0, the quartic degenerates into the straight line at infinity and 
the sides of the triangle of reference. The straight line at infinity con-e- 
sponds to proper parabolas and the sides of the triangle of reference to de- 
generate parabolas consisting of pairs of parallel straight lines. 

For cot^^ = — 1, the case of circumscribed conies through either one of 
the circular points at infinity, the quartic degenerates into two imaginary conies 
intersecting in the vertices of the triangle and in the circum-centre. 

It may easily be shown that the tangents at the vertex A are real when 
cot*^ is positive, and when cot*^ is negative and |cot*5 sin*^| > 4. When 
4 + cot* sin ''^4 = 0, the tangents coincide and ^ is a cusp ; this value of 
gives the three-cusped hypocycloid Avhen the triangle of reference is equi- 
lateral. 

7. Similar Conies under the Isogonal Transformation. The 
transfoimation by droites sym6triques emploj'ed by P. H. Schoute in the paper 
referred to above is sometimes called the "isogonal transfonnation " and con- 
sists in substituting (l/ccj, l/xj, 1/a;,^) for (x,,X2, Xg). Schoute proves that to 
a system of similar circumscribed conies coiTesponds, in this transformation, 
the system of tangents to a circle concentric with the circumscribed circle. 
This theorem is very easily proved by means of the projective definition of an 
angle. To the straight line at infinity corresponds the circumscribed circle, 
and vice versa ; hence the circular points at infinity are transformed into each 
other by the isogonal transformation. It is easily seen that if the points 
P, Q, R, S be transformed into the points P', Q', li', S', and if A be any 
vertex of the triangle of reference, then the cross-ratio of the pencil A.PQ 
R/Sis equal to the cross-ratio of the pencil A.P' Q' R' S'. Now let P„ and 
§00 be the points in which one of a system of similar circumscribed conies 
meets the sti-aight line at infinity, let Pand Q be the corresponding points, 
namely, the points in which the straight line into which the conic is trans- 
formed meets the circumcircle ; and let / and J be the circular points at in- 
finity. Then the cross-ratio (^A.IJP^ Q^) is equal to the cross-ratio (A.JI 
PQ) ; thus the latter cross-ratio is constant, and thus the angle PA Q is con- 
stant. In other words the chord P Q subtends a constant angle at A and 
therefore touches a fixed circle concentric with the circumscribed circle. 

8. Envelope of Asymptotes. The asymptotes of a conic are the 
tangents from the pole of the straight line at infinity. Instead of this special 
line we may in the first instance take any line whatever. It will be conven- 
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lent to use tangential coordinates ; and the equation of the variable circum- 
scribed conic becomes : 

Mvf + \|v| + \|t)| — 2X1X^1)1 t'.j — 2X3X3 VjUg — 2X8Xit;jt;i = 0, 

or X, ViQi + \i t>2 Qa + XjV, Q^ = 0, (1) 

where Qi = ^v^ + XsVg — Xj v,, etc. 

The equation of the pole of the straight line (mi, Mj, U3) is 

^•1 "i Qi + >-j W2 Q2 + ^«5 Q3 = 0. (2) 

Hence we have to find the envelope of the lines common to (1) and (2), 
subject to the condition (see (1), §4) ; 

D'^(a-iy-DD"(a+iy = 0. (3) 

Equations (1) and (2) are identically satisfied if we set Xi, Xj, X3 pro- 
portional to the cubic functions of the coordinates v : 

Vi (Ma V, — t<3 V^y, l>2 (Ui Vi — Ml V^y, Wj (Mj V.^ — Wj u,)" . 

The equation of the envelope, (3), is then separMe-into two cubic factors. 
These are the following, if we denote as usual (»{, v^ — u^ Vi) by (u v) 3, etc. : 

+ i>sM3(MV)l(MV)2(Wl«2+ M^^Oi^ V^" (m ?>)i (MZ?)^ (MUj) =0, 

where h denotes • Since interchange of the two asymptotes to any one 

conic changes the cross-ratio a into - , or + h into — h, it is evident that only 

one of the two asymptotes touches one of these cubic envelopes, the other asjTnp- 
tote touching the other. 

The fact that the envelope of asymptotes resolves into two separate curves 
might have been anticipated from inspection of equation (3) ; when a = 1 the 
envelope is given by D = 0, but for a = 1 this is evidently the product of the 
equations, each doubly counted, of the infinite points on the sides of the origi- 
nal triangle (or on the sides of the second triangle of reference, since pairs of 
sides meet at infinity) . Hence D must be itself a square of a rational cubic 
function of fj, fj, fg, as seen in (4). 

The envelope just now considered , 

v/x> = o. 
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has the line at infinity for a triple tangent. For o = — 1 the line at infinity is 
a double tangent, with contacts in /and J.'* Accordingly for every value of 
a or h, each of the envelopes of asymptotes must have the line at infinity for 
a double tangent and the contacts, ii' determinate, must be in / and J, two 
distinct points. Since each envelope is of class 3 and has a double tangent 
with distinct points of contact, it is of order 4 (like the locus of centres) 
and has three cusps. And since each side of the original triangle is an 
asymptote for each value of a, each envelope of asymptotes touches all three 
sides of the triangle. This fact is obvious also from the equation. From countr- 
ing of constants we may conclude, what can be proven rigorously by geomet- 
ric considerations : 

Every tricusjpidal quartic, touching the three sides of a triangle ABC 
and touching the line at infinity in the two circular points, is an envelope of 
asymptotes of similar conies circumscribed to the triangle ABC- AH such 
quartics are three-cusped hypocycloids,t and this fact invites further investiga- 
tion as to their arrangement in pairs when the triangle ABC is given. 

9. The Degeneration of the Sextic Envelope of Asymptotes. 
The reason why each asymptote gives a separate envelope, in other words, 
why the envelope consists of two curves of the third class, and not of a single 
cui-ve of the sixth class, is that the coordinates of either of the asymptotes 
may be expressed rationally in terms of those of the other ; for, as I have 
shown in a recent number of the Annals, t the asymptotes of a circumscribed 
conic are isotomically conjugate with respect to the triangle of reference. 
Thus the tangential equation of the envelope of the asymptote Vj Xi + v^x^ 
+ VsXs = may be obtained by writing down the condition that this line and 
the line a^Xi/vi + b^x^/v^ + c^Xj/vj = 0, which is the second asymptote of a cir- 
cumscribed conic having the former line as one asymptote, should intersect at 
a given angle ; and this condition is of the third degree in Uj, Vj, v^. The 
envelope of the second asymptote is obtained from that of the first by chang- 
ing Vi, V2, Vj to aV«i, l^/v.2, C^/Vs. 

Stanfokd UinvKBsrrY, Caufornia. 

* Compare Huntington and Whittemore : Some curious properties of conies toncbing 
the line infinity at one of tlie circular points. Bulletin Am. Math. 5oc., vol. 8 (1901), p. 122. 

t Cf. E. Duporcq, Sur rhypocycloide ft trois rebroussements, Kovvelles annales de math- 
ematiquet, ser. 4, vol. 1 (1901), p. 168. 

t Ser. 2, vol. 2 (1901), p. US. 



